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Outlines for review sessions

First Part (Static Asset Pricing)

1. Choice under uncertainty

. Static portfolio choice

2
3. Static asset pricing
4

. Stochastic discount factor

Second Part (Intertemporal Asset Pricing)
1. Present value relations

Long run risk (BY)

Intertemporal CAPM (CV)

Rare Disaster (Martin)

Stochastic volatility (BKY and CGPT)

Intertemporal portfolio choice

G o o

Term structure & bond pricing
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Utility theory: a brief summary

1. Ordinal utility

® only meaningful to ask which option is better than the other
® preference invariant to monotonic transformations

2. Cardinal utility

® differences between preferences are also important.
® preference invariant to positive affine transformations: v(z) = au(z) + b.

3. FExpected utility

® choice over lotteries
® maximize the expectation of a cardinal utility function over states
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Risk aversion

® Risk aversion = concavity of the utility function
® Measurements of risk aversion
1. Relative risk aversion

u (W
Rw) = -0V
u (W)
2. Absolute risk aversion
"
AW) = _u"(W)
u/ (W)

® Power utility: u(W) = M{i—j

® Check: power utility is CRRA

® Check: when v — 1, u(W) = limy_1 % = In(W) ('Hopital’s rule)

® Exponential utility: u(W) = —e=4W

® Check: exponential utility is CARA

4/17



Choice under uncertainty Static portfolio choice
00e00 00000000

Risk premium and certainty equivalence

® Initial wealth W

® Risk premium 7
® amount willing to pay to avoid a zero mean risk &
® indifferent between paying 7 and taking risk &

u(W —7) = Eu(W + )

® Certainty equivalence C*
® indifferent between accepting certain amount W + C¢ and taking risk p + &

u(W+C° = Eu(W +u+7)
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Risk premium and certainty equivalence

Example:
u(w+ A) A
E[u(®)]
u(w-A) A
w—IA w-T W w ;A
® Initial wealth w

® Zero mean risk I: % chance to be —A and % chance to be A
® Risk premium is 7 and certainty equivalence is —m.

® Question: what if the agent is risk seeking?
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IMRS and EIS

® Start from Utility function U(C1, C2) over two goods
® Marginal rate of substitution (MRS)

U /9Cy
oU/9C,

aUz/aCHq

M = 7 e
RS2. U, /0C,

IMRStJrLt =

® Finance is about trading goods among days: U(Cy, Cyy1,---)
¢ Intertemporal marginal rate of substitution (IMRS)
® IMRS is a stochastic discount factor in consumption based asset pricing

® Elasticity of intertemporal substitution (EIS)

Jdlog (g—f)
~ 9log MRSz,

dlog (5

ES = N % VA
alog IMRStJrl,t

— EIS=
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Notations and Approximations

® Notations we will use during the whole semester

® Level return of asset i is R; 41

® Log return of asset  is 7 41 = log(1 + Ry ¢41)

® SDF M;+1; Log SDF my41 = log(M¢+1)

® Innovation (forcast error) Z¢y1 = (Et41 — Ft)Ti41

® Lognormality assumption: ;11 = log(1l + R ¢++1) ~ Normal

® Linear approximation
zxloglx+1) < e”" ~xz+1whenz0

® Lognormal distribution: @ ~ N(u, %) = ¢ ~ Lognormal(u, o%)

Eie” = exp (Etat + %Vart (x))

® Check! (hint: use moment generating function.)
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Notations and Approximations
® Assume lognormality: 7;¢+1 = log(1 + Rit+1) ~ N(Etrie+1, aizt)

® Risk premium

RP = EiR; 141 — Ry 141

1 5
~ Eirii41 + §U¢t — Tft+1

® Derivation?
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Notations and Approximations
® Assume lognormality: 7;¢+1 = log(1 + Rit+1) ~ N(Etrie+1, aizt)
® Risk premium

RP = EiR; 141 — Ry 141

1 5
~ Eirii41 + §U¢t — Tft+1

® Derivation?
RP = EiRit+1 — Ry
=E; (Rije1 + 1) —1-Rpep
= Belos(Rieritl) _ g _ Ry tt1
= ettt 1 — Ry i1

, 1,2
=P ta%i 1 Ry

%

1
Eiri i1 + 501'215 +1—1—Rfip1

1 5
~ Eiriie + 500t ~ Tht41
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Aside: lognormality of return in finance
Why do we typically work with (log) return in finance?
1. log return close to return: r =log(1 + R) =~ R
2. fair to assume that price follows lognormal (no negative side) = return is lognormal.

3. addictivity: log & P3 = log 1122 5? log + log =r1+7re

Do returns really follow log-normal dlstrlbutlon?
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Figure: Distribution of historical daily market returns

Not a bad assumption, though peak and heavy tails.
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Scenario 1: Principle of participation
Settings
® two periods: t, t + 1, initial wealth W
® allocation 6 to a risky asset with return R = Ry + &
® allocation W — 6 to risk-free asset, with return Ry
Solution
® wealth at ¢ 4 1:

01+ Ry +2)+ (W —-0)1+Rs) =W+ Ry)+ 0 =Wy+ 6%
® agent’s problem: V(0) = maxgy Eyu(Wo + 0%)
®* FOC:
V'(0) = Eyiu' (Wo + 02) =0
Evaluate FOC at 6 = 0:
V'(0)=u'(Wo)Eiz >0 if E& >0

Principle of participation: one will participate in risky investment, at least a little bit, since utility
function is local linear (local risk neutral).
But inconsistent to data, explanations: rational (fixed cost) and behavior explanations (prospect
theory, pessimism and trust, financial literacy).
/17
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Scenario 2: Small risk case

Settings
® Same as in the last slide, except & = ku + § and FE g =0

Solution
® Now FOC becomes
V'(0) = By [(kp+ §)u’ (Wo + 0(k) (kp+ 7)) =0
® Differentiate w.r.t k and evaluate at k =0

/ . p 1 _ _UH(W)
0'(0) = Fog? A(Wo)’ where A(W) =

® Approximate 6(k) surround 0 using Taylor expansion

kp 1 1 B

Ok) ~ 0(0) +k0'(0) = 5,55 Ty ~ A(Wo) Var 7
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Scenario 3: CARA-normal case
Settings
® Almost the same as in the last slide
® CARA (exponential) utility u(W) = —e=4W
® Normal excess return & ~ N(u,o?)

Solution

® agent’s problem )
V(o) = mgmx Ewu (Wo + 60%) = mein EieAWo+0%)

® since —A (Wp + 0%) follows normal distribution, equivalent to
1
min exp (Et [—A (Wo +07)] + 5 Var [-A (W + 657)})
& rnein —Afu + %A29202

® FOC gives
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Scenario 4: CRRA-lognormal case
Settings
® CRRA utility u(W) = V‘{l_?/
® Lognormal return R;;1 and risk-free rate Ry 41

® Form a portfolio (rp,11,05;) by allocating the capital between

1. one risky asset, share ay, ri41 ~ N(Eiri41,02)
2. one risk-free asset, share 1 — ay, risk-free rate 77 ;41

Portfolio return
Rpt41 = Rf 1 + i (Ret1 — Ryet1)

Log portfolio return

2

Upt - 2
Tpt+l — Tfe+1 + -~ Qi | Te41 — Tfe4+1 T

Ot

2

® Check it by your self after the class! Derivation in the appendix.

Budget constraint

Wipt =Wi(1+ Rpt1) & wipn =wi+7p e

. 2 2
) , with oy = ajo

Appendix
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Scenario 4: CRRA-lognormal case
Solution
® agent solves
Wi
V(at) = rnoix Etﬁ = H(IXE:X EtthJ:ﬂ — nloix FE.exp ((1 — ’Y)wt+1)

® recall W;41 follow log-normal distribution, equivalent to
max exp <(1 —7)Erwin + %(1 - 7)2012”)
& H};ix(l —Y)Erwen + %(1 — 7)o
® Using budget constraint w41 = wi + rp,e41
H}xafx Eirp i1 + %(1 — v)ait

® plugging into log portfolio return

Utz Y 2 2
max aiBe | re41 —Tri41 + = | — saiod
at 2 2

EtRiyy1—Ryp 441
— e

® take FOC giving oy =~ —

;
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® CRRA utility — log utility when v — 1, ("Hopital’s rule)

1-v 1 (1=7)losW _ 1
u(W) = lim w -1 —lm & " lim log Wl lesW log W
=1 1 —7 y—1 1—7v y—1

® The moment generating function for normal distribution z ~ N(u, o?)

M(t) = Be'™ = et +37°%

Take ¢t = 1 and get the mean for log normal distribution. Take ¢ = 2 and get the variance.

Appendix
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® Log portfolio return in CRRA-lognormal case:

14+ Rp 41 ~ log 1+ Rfi+1 + ae(Riy1 — Rpeq1)
14+ Ryfiq1 14+ Ryt

14+ Ripa
—log |1+ ap [ —24
g{ at<1+Rfvt+1 H

=log [l + ar (exp(re41 — rre41) — 1)]

Tpt+1 = Tfe41 = log

® Take 2nd order Taylor expansion

1
Tptt1 — Tpeh1 A o (Tep1 — 7pep1) + Qat(l —a)(regr —rag)’
® Note (re+1 — rf44+1)° ~ 07 (see Campbell book P28 footnote), then

2 2 2
Tptrl — Tfidl = o(Tep1 — Tpeq1) fcONst & 0,401 = 00741
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