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Outlines for review sessions

First Part (Static Asset Pricing)
1. Choice under uncertainty
2. Static portfolio choice

3. Static asset pricing

4

. Stochastic discount factor

Second Part (Intertemporal Asset Pricing)
1. Present value relations

Long run risk (BY)

Intertemporal CAPM (CV)

Rare Disaster (Martin)

Stochastic volatility (BKY and CGPT)

Intertemporal portfolio choice

A o o

Term structure & bond pricing
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Roadmap

1. Refinements on logs and approximations

® Risk premium, pricing equation, portfolio choice
® Campbell Shiller approximation and decompositions

[\

. CCAPM and Three asset pricing puzzles

[

. Epstein-Zin utility
® Review power utility
® Derivation of Epstein-Zin Utility and intuitions
® Properties of Epstein-Zin Utility
® SDF of Epstein-Zin Utility (using wealth portfolio)
® Pricing riskfree rate and risk premium using SDF
4. Epstein-Zin with return decompositions

® Extended consumption CAPM (long run risk, BY)
® Intertemporal CAPM (good beta and bad beta, CV)
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Approximations (1/6)

Notations
® Raw return of asset ¢ is R +y1
® Log return of asset i is 7 ¢+11 = log (1 + Ri141)
® Log SDF myy1 = log (Mi11)
® Innovation ZT¢+1 = (Eiy1 — E¢) Tt

Approximation
z ~log(x + 1) when z ~ 0
Expectation of lognormal variables

Etez — eEtI+% Vary x

ICCAPM
[e]e]e}

Comparison
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Approximations (2/6)

Risk premium
RP = E¢Rit+1 — Ryt
~ Eiriir + %U?t —Tft+1
Pricing Equation
E¢[Mi41 (14 Rigsr)] =1
Taking logs

1 1
Emipr + §O7Qnt + Eirier1 + §U?t 4+ 0imt =0

Under joint lognormality of SDF and returns (need to show!)

Comparison

[e]e]e}
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Approximations (3/6)

Price the riskfree asset

1 1
Emip + *Uzmg + Eirii41 + *U?t + 0imt =0

2 2
1
Eimegr + 50727% +7rpi4+1+0+0=0
1
Tri+1 = —Eemegr — §Ufm

Price risky asset ¢

1 1
Emiqr + §Ufnt + Eirii+1 + 50'1'2t 4+ 0imt =0

1
=T+t + Eerieen + 501% 4+ 0imt =0

15
Eirit41 + 500t~ ThtF1 = ~Cimt
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Approximations (4/6)

Portfolio choice with log returns

2 2

apt - Ot
Tpt+l — Tfe+1 + -~ Qi | Te41 — Tfe+1 T 5

2 202 _ 2
Opt = Q4 Oy OV (Tp,t41,Tt41) = Q0

® Under lognormality

® Form a portfolio (rp,t, Uﬁt) by allocating the capital between

® One riskfree asset, 1 — ay, 75 ¢
® One risky asset, at, ¢, U?

Comparison
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Approximations (5/6)

Campbell Shiller approximation

reg1 = ppe+1 + (1 — p)des1 —pe + k

® “Weighted average” of (log) future payoff

Price decomposition

oo oo
__Fk i i
Pe=1, + ZOP (1= p)divi+j — ZOP Tit14
J= i=

® Foundation of other decompositions

® Imposing the no bubble condition lim;_. pjptﬂ- =0

ICCAPM
[e]e]e}

Comparison

[e]e]e}

8/36



Approximations CCAPM Epstein-Zin utility Decomposition Extended CCAPM ICCAPM
O0000e [e]e]e} 000000000000 [e]e]e} [e]o]e} [e]e]e}

Approximations (6/6)

Dividend price ratio decomposition

_k > o
di —pr = =, + ZOPJ (—Adiy1+5) + ijTt+1+j
=

J=0

Return decomposition

oo o0
Fre1 = (Ber1 — Er) E P’ Adig11j — (Bey1 — Er) § Pl Tty
=0 =1
=NCF,t+1 =NDRyy;

® Ncr,+1: news about cash flows
® Npr, 41° News about discount rates

® Can be applied to any asset/portfolio (e.g., the wealth portfolio in E-Z)

Comparison

[e]e]e}
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Properties

Epstein-Zin utility Decomposition
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Power Utility

e CRRA: constant relative risk aversion
® EIS is 1/; For v = 1, log utility

® Time separable

SDF

u' (Cri1)

M =9
t+1 W (1)

mi41 = logd —

Extended CCAPM
000
YAct+1

ICCAPM
[e]e]e}

Comparison
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CCAPM (1/2)

Assumptions: Aciy1 and 441 are

1. jointly conditionally lognormal

ICCAPM Comparison
[e]e]e} [e]e]e}

2. homoskedastic: All second moments are constant, aka dropping ¢ or all (co)variance terms.

Riskfree rate

1
ripr = —Eimign — Some = rpig1 = —log 6 + yE;Aciy —

2

1. First term: compensation for time
® §5€(0,1), low 6 — consumption tomorrow discounts more

2. Second term: consumption smooth incentive

® high v — low EIS — high consumption smooth incentive — borrow more

3. Third term: precautionary saving incentive

1 2o
Y Oc

® high v — high risk aversion — high precautionary saving incentive — save more
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CCAPM (2/2)
Risk premium
1, 1 5
Eerii41 + Eait —Tfi41l = —Oimt = Eyriep1 + 501' —Tft+1 = VOic
Risk premium only determined by
® price of risk, measured by risk tolerance v
® quantity of risk o, (bonds, stock, and insurance)
Three puzzles
® Equity premium puzzle: need too high ~ to generate real premium
® Risk-free rate puzzle: if we adopt high ~, risk-free rate too high
® Volatility puzzle: P/D fluctuates too much.

Solutions
1. Rational, frictionless model
® Habit formation (Campbell and Cochrane, 1999)

® Long-run risk model (Bansal and Yaron, 2004; Campbell ICCAPM “good beta, bad beta”;

Bansal, Kiku, Yaron, 2012)
® Rate diasters model (Barro, 2006; Gabaix, 2012; Martain, 2013; Wachter, 2013)
® Stochastic Volatility model (CGPT model)
® also: Learning (Timmermann, 1993)

2. Behavior explanations....

Comparison

[e]e]e}
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Epstein-Zin Utility (1/10)
Want to separate risk aversion vs EIS forces?
1. Start with

[ Uy = f(Ct,CEL (Us1)) ]

® where CE(:) is a certainty equivalence function C&¢(z) = G~ (E:G(x))

1
® Let G(-) have a power form G(x) = 2177, then C&¢(z) = (Etxl"y) =7
2. Then

U= f (ct, (EtUtl;])ﬁ)

® Let f(-) be CES (constant EIS)
f(il’lvm):{(1—5)($1)p+5($2)p}% Yp—e=—"=p=1——
3. Finally

b= {“ — ) (C)' +8 (B (Uk) T }?
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Epstein-Zin Utility (2/10)

Definition

e {(1 —8)(C) T e (B (U) T } v

vo= {09 o m ) )T =120

Properties
1. Time non-separable
2. EIS is ¥; RRA is v
® For v = 1/4, power utiltiy;
® For v = 1/¢ =1, log utility.
3. ¥ =1, constant consumption wealth ratio;
~v = 1, myopic portfolio choice

4. If v > 1/4, prefer early resolution of uncertainty;
If v < 1/4, prefer late resolution of uncertainty Campbell textbook section 6.4

Comparison

[e]e]e}
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Epstein-Zin Utility (3/10)

— Constant consumption-wealth ratio

- Myopic portfolio choice
Log utility

Power utility
=1
«— V= Y

Coefficient of Relative Risk Aversion (y)

1
Elasticity of Intertemporal Substitution ()

Figure 6.2.  Epstein-Zin Parameter Space

® ) = 1, constant consumption wealth ratio;
~v = 1, myopic portfolio choice: investment horizon has no effects on portfolio choice.
® If v > 1/4, prefer early resolution of uncertainty (BY);
If v < 1/4, prefer late resolution of uncertainty
® Early resolution of uncertainty: transform uncertainty into predictable variation in future
consumption
15/36
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Epstein-Zin Utility (4/10)

Constant elasticity of substitution (CES)

® In multi period case, constant elasticity of intertemporal substitution

® Use CES to integrate today’s consumption and CE of future’s consumption
Extreme Cases

e If ¢» =1 (unit EIS, p = 0), CES is Cobb-Douglas

1 \¢
U = (C)* Y (Et (V) 1_7)
® If ¢y =0 (p = —o0), CES is Leontief
1o
Ut = min {(1 — 5)0,57 (SEt (Utgl'Y) T—~ }
® If ¢y = 0o (p=1), CES is linear

11— 1%
Uy = (1=08)Cy + 0B, (U7

ICCAPM
[e]e]e}

Comparison

[e]e]e}
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Epstein-Zin Utility (5/10)

Derive the SDF
1. Denote CE¢(Ui41) = Ei[U,;]"/' ™. Then the EZ aggregator:

v ={(1-8) )" +slce )
2. From the EZ aggregator, calculate M Cr& MU,
o _
oC,
oU, _ 5U1/’¢1 CcE —1/% rr—v vy
=0U, " [CE (Urg1)] Uiih [CE (Uit)]
OUs11

3. Plugging M C1& MU, into SDF

1 -o)u /oY

U, AUy 90Ut 1 Ly
M, = 9Cty1 OUty1 0Cty1 S Ct+1 s Ut+l v
1= Tau, T U, = R
aC; aCy C: CE: Ui1)

consumption growth term innovations in continuation utility

® 1/1¢ =~ — standard time-additive SDF.
® Next step: use wealth portfolio (market portfolio) to build proxies for innovations in continuation
utility Uz41/CE+ (Uig1)
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Epstein-Zin Utility (6/10)

4. Build proxies for Us+1/CE+ (Us41) with wealth portfolio
a. Wealth portfolio return denotes Ry ¢+1, subject to budget constraint

Wit1 = (14 Ruw,t4+1) (Wi — Ch)
Pricing equation

E¢ [Mi41 (1 + Ru,i41)] =1 <= Wi = C¢ + E¢ [Myp1Wiy1]

Comparison

[e]e]e}

b. Note EZ utility has constant return to scale Uz (AC¢, A\Ui41) = AUt (Ct, Up41) = Euler Theorem

applies
8Ut 8Ut )
Ui (Ct, U, = —Ci+Ei | —U;
t (Ct,Ugs1) 90, t + B (8Ut+1 11
c. And recall that SDF is intertemporal marginal rate of substitution (IMRS)
aUt/80t+1 (8Ut/8Ut+1) (8Ut+1/8()t+1)

Miy1 = IMRS; 414 = -
e TR U, OCy
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Epstein-Zin Utility (6/10)
4. Build proxies for U;+1/CE; (Up4+1) with wealth portfolio

d. (3(&% is exactly agent’s wealth W4
oU ( oU )
U (Ct, Uy = —Ci+E | —U,
t( t tJrl) 8015 t t 8Ut+1 t+1
ivide U, oU /00U,
divided by t =Ct+Et|:( t/0Ui41) t+]
U /0C (8Ut/86’t) (6Ut/60t)
Construct U, —C,+E (8Ut/8Ut+1) (8Ut+1/80t+1) Upy1
Mii1 (@U¢/aCy) — 't t (U, JoCH) oY)
=My
Compare with Ut

Wi=Cy+E¢ (My41Wiq1) e (0U:/0Cy)
Then consumption to wealth ratio
Wi _ 1 Ut 1-1/4
G 1-35 (5)
® It comes from MCy: 2%t = (1-19) (%)1/'«4:

30,
® Constant Constant consumption to wealth ratio if ¢ =1

Comparison

[e]e]e}
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Epstein-Zin Utility (6/10)
4. Build proxies for U;+1/CE; (Uiy1) with wealth portfolio

1

1
d. Plug EZ formular U; = {(1 —9) (C’t)l_i +4 [CEt(Ut_‘_l)]l_E } % into (2)

Wy —Cy =

Ce s [C&(Ut+1)] 1=
1-46 Ct
Recall return on wealth portfolio is given by

Wi
Wi — Cy
Replace Wiq1 with (2) and Wi — Cy with (3). Then, Usy1/CE¢ (Ui41) can be approximated by
wealth portfolio return

1+ Ryq1 =

1 1
1/C, w U, =%
1+ Ruppin = : ( t+1> v [ t+1 )} v

Ct CEt (U4
1
Ut+1 _ (Ct+1)7¢—1 _
e =0T —— 1+ Ry -1
CE T C ( t+1)

1

1 T
5. Finally, plug Uy 1/C&; (Up11) back to SDF = Myyy =4 (S522) 7 {wf&ifﬂ)} ‘
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Epstein-Zin Utility (7/10)

SDF

Log SDF

Intuition: weighted average (6,1 — 0) of
1. Power utility (CCAPM) term
2. Wealth portfolio term
® wealth portfolio as the “sufficient statistics” of future consumption news

3. When v =1/ = 6 = 1, converges to CCAPM.
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Epstein-Zin Utility (8/10)

Use SDF to price riskfree asset

15
T+l = —Eimepr — 50me

0
7910g5 + EEtACH—l —+ (1 — 9)Etrw,t+1

¢, (1-0P , 0(1-0)

T T T T Ty

Use SDF to price wealth portfolio

1 0
Eirw,ie1 + 50121”5 — T+l = —Owmt = —Ocw + (1 — 0)os,

(8

Plugging wealth portfolio to get clean formula for riskfree rate

1 1 1 1
Tfit+1 = 710g5+ EEtACt.‘.l — 59 . ﬁaz — 5(1 — 9)0'121]

power utility (CCAPM) weighted average of risks
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Epstein-Zin Utility (9/10)

Use SDF to get risk premium

1 0
Erii41 + 501'2 —7rfi41 = —0ic + (1 = 0)0iw

Y

Relation between expected return and consumption growth

1

1 - .
Eirit+1 = —E:Act41 + constant | Tittlts = act.H.»,_j

Y

® assume: jointly conditionally lognormal and homoskedastic
® — all second moments are constant
® — constant risk premium

® — return innovations only depends on consumption growth news

ICCAPM
[e]e]e}

Comparison

[e]e]e}
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Epstein-Zin Utility (10/10)

Conclusion
® SDF:
mer1 = logd — yAcet1 power utility
1
mer1 =0 <log5 — wActH) — (1= 0)rwi+1 EZ utility
® risk free rate
1
rei41 = —logd + YE:Aci4r — 57203 power utility
1 1.1 1
rres1 = —logd + JEtAcHl - 50@03 - 5= 0)o? EZ utility
® risk premium
1
Eirit41 + Ea?t — Tf 41 = —Oimt power utility
1 5 0 -
Etri,t+1 + 50'@- —Tfirl = EJZ‘C + (1 — 0)Jiw EZ utility

® These results hold under lognormality and homoskedasticity assumptions. For more details,
see Hansen and Singleton (1983), Attanasio and Weber (1989), and Vissing-Jgrgensen (2002)
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Wealth Portfolio Return Decomposition (1/3)

Apply the return decomposition to the wealth portfolio

oo oo
Fu,t41 = (Bep1 — E) ZPjAdw,tHﬂ‘ — (Bet1 — Er) ijrw,tﬂﬂ
j=0 j=1
Two “symmetric” model:
® extended CCAPM: consumption path is predictable?

® intertemporal CAPM: return is more precise?

Here we show:
® Substituting 7w,t+1+4; With Acit14; gives extended CCAPM
® Substituting Aci4+1+; with ry ¢+14; gives intertemporal CAPM

Comparison

[e]e]e}
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Wealth Portfolio Return Decomposition (2/3)

Substituting 7., 4145 With Aci114

Fu,tr1 = Crp1 + (Bepr — Er) ZPjACt+1+J' = (Bes1 — Ee) ijrw,tﬂﬂ'

j=1 j=1

oo

. ~ 1 .
Tw,t4+1 = Ct+1 + (1 - w) (Et+1 — Ey) ZPJACHHJ'

j=1

_ _ 1)
Twi+l = Ce41 + | 1 — a Ji+1

® Can also do this for price-dividend (wealth-consumption) decomposition

P, t4145= 5 Ft4145

Jt+1 E(Et+1—Et) Z:‘;l pJ'Act+1+j

oo

wr —ce = (1 — 1/¢)E; ijACt+1+j + Constant

J=0

Comparison

[e]e]e}
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Wealth Portfolio Return Decomposition (3/3)
SlletitlltiIlg Act+1+j with Tw,t+145

o0 oo
Futt1 = Cey1 + (Begr — Er) ijAct-‘rl-H — (Et41 — Ey) ijrw,t+1+j

=1

j=1
~ o i
Ct+145 =T w, t+1+47 ~ ~ 2 : j
E——————— Tw,t+1 = Ct41 + ('d)— 1) (Et+l _Et) pJTw,t+1+j
j=1

ﬁt+1E(Et+1*Et) Zi P b1 -
L Ct1 = Tw,et1 + (1 — ) hegr

® Can also do this for price-dividend (wealth-consumption) decomposition

wy — e = (Y — 1)Ey ij'rw,t+1+j + Constant

=0

Comparison

[e]e]e}
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Extended Consumption CAPM (1/3)
SDF

Miy1 = —0 (CZZI> — (1= 0)Fw,r+1

® Substituting 7, with Ac: Ty 141 = G411 + (1 - %) Gt+1
® Check it! note 6 = ﬁ

- - 1) .
mi41 = —YCt+1 - — | 9t+1
S—— P

News about future consumption

power utility term
Risk premium

1 2 1
Eeritir + 507 —rpepn =y0ie + | 7 - 7 ) s

To derive BY model — Plug assumed processes in and take expectations.

ICCAPM
[e]e]e}

Comparison

[e]e]e}
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Extended Consumption CAPM (2/3)

Risk premium on wealth portfolio

1 5 1
Eirw41 + §Uw —Tft4+1 = YOwe + | ¥V — J Owg

® Substituting 7, with Ac: Ty t41 = Cry1 + (1 — %) Ge+1

e Assume Cov (Gi41,Gt4+1) =0

1 1 1
Etrw,e+1 + 503 —Tit+1l = 705 + <7 - 1/)> <1 - ¢> Ug

Parameter restrictions on long run risk model (to settle risk premium puzzle)
1. Want shocks to consumption growth 03 to crease risk premium

2.y — i > 0 — early resolution of uncertainty and averse positive o4

3. 1— i > 0(¢) > 1), 80O Ty 141 covaries positively with Gy1.

Comparison

[e]e]e}
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Extended Consumption CAPM (3/3)

Calibration: long-ruin risk without stochastic volatility (BY Case I)
® Assume consumption growth process

Tt4+1 = PaTt + PeO€ty1
Aciy1 = p+ o + oneta, e,n,w~ iid. N(0,1)
® Solving backwards of consumption growth process
Cer1 = (Bey1 — Et) Aceyr = one
Gty = (Bewr — Bi) Aciyryy = pb Tpeoern

® Plugging consumption growth into SDF

~ ~ 1 - J ~ ]- e
mi+1 = —YCt41 — (W - 1/1) Zﬂjctﬂﬂ' = =Y0Nt+1 — <’Y - ¢> %Wtﬂ

Jj=1

® Pricing wealth portfolio to get equity premium

1 5 - .
Etrwi41 + 0w — Tfe41 = — Cov (M1, Tw,e4+1)

2
et (0-4) (- 4) (52

Comparison

[e]e]e}
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Intertemporal CCAPM (1/3)
SDF

Miy1 = —0 <CZZI> — (1= 0)Fw,r+1

® Substituting Ac with ry: G41 = Fw,t41 + (1 — w)fztﬂ
® Check it! note 8 = ﬁ

Mmiy1 =  —Ylwitl — (v — 1)iLt+1

power utility term Intertemporal hedging term

Risk premium

1
Eiris1 + 503 = Thtt1 = V0w + (v — 1) oun

® when v = 1, it’s myopic portfolio choice — standard CAPM

To derive CV “good/bad betas” — Apply return decomposition to wealth portfolio then replace

Oiw, Oih

Comparison
000

31/36



Approximations CCAPM Epstein-Zin utility Decomposition Extended CCAPM
000000 000 000000000000 000 000

Intertemporal CCAPM (2/3)
CV two beta model

® Return decomposition of wealth portfolio

oo oo

Fw,t+1 = E 014 — E 0’ Fwit14; = Nerit1 — NDryit1

§=0 j=1
® Plugging back to SDF 41 = —YFw,i41 — (7 — 1)/~1t+1:
mit1 = —YNcori+1 + NDR,t+1

® Risk premium

1 5
Eiri i1 + 5% ~ Tft+1 = YO,CF + 0i—DR
=~02 Bicr +o2 Bi_pR
—~— ——

bad beta good beta

1. good beta: news about the market’s discount rates.

2. bad beta: news about the market’s future cash flows (higher price of risk hence “bad”).

Comparison
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Intertemporal CCAPM (3/3)

Calibration: CV good beta and bad beta
1. Assume process: state vector z: follows VAR(1), the first element is 7+
® Choosing variables in the z: not trivial, typical: PE ratio, value spread, default spread, term
spread

2t41 =2+ (2t — 2) + ueg1
2. Solving backwards, use state vector to express .,
~ ’ ~ ey
Tw,t+1 = €1Ut+1, Tw,t+1+5 = e I’ Ut+1

3. Use state vector to express Npr,¢++1 and Nor,i4+1

oo
] /
Npr,t+1 = (Eey1 — E¢) E O Twit14j = €1 \Ut+1
i=1

Ncrt+1 = Tw,t+1 + NDRt+1 = (e’l + e’lx\) ut+1, where A = pl'(1 — pl")71
4. Then plgging back to SDF, use state vector to express SDF
mit1 = —YNcFi+1 + NDR,t+1 = T7lt+1 = —y (6/1 + 6/1)\) Ut+1 + ellx\ut+1

5. Then can use such SDF to do pricing — Done!
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Approximations CCAPM Epstein-Zin utility Decomposition Extended CCAPM
000000 000 000000000000 000 000

Risk Premium under Three Models

CCAPM

1 5
Eirier1 + 500 ~ i1 = Tic

® risk premium = compensation for risk
® price of risk v and quantity of risk o,
® 0;c > 0: stock (high expected return)
® 0;c < 0: insurance (low expected return)

® o,. — 0: risk-free asset

ICCAPM
[e]e]e}

Comparison

@00
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Approximations CCAPM Epstein-Zin utility Decomposition Extended CCAPM ICCAPM Comparison
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Risk Premium under Three Models

Extended CAPM

1, 1
Eirigsr + 500 T T =00+ |7 = v ) i

® Two types of risk consideration: next period consumption and future consumption growth
® Assume people prefer early resolution of risk: v > 1/

® Then demand for positive premium for the future consumption growth

® Campbell section 6.4 & 6.5
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Approximations CCAPM Epstein-Zin utility Decomposition Extended CCAPM ICCAPM Comparison
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Risk Premium under Three Models

Intertemporal CAPM

1 5
Eiritv1 + 500 ~ it =0iCF + 0i—DR

:’70120 Bicr +05J Bi—DR
—~—~ ——

bad beta good beta

® Two types of risk consideration: news about cash flow and future discount rate

® “bad beta”: cash flow news has higher risk price ¥ — investors care more about cash flow
news than discount rate news

® Campbell section 9.3
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